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Abstract 



After an historical introduction on the standard algebraic approach to quantum mechanics 
of large systems we review the basic mathematical aspects of the algebras of unbounded 
operators. After that we discuss in some details their relevance in physical applications. 



I Introduction 



During the past 20 years a long series of papers concerning algebras of unbounded operators 
appeared in the literature, papers which, though being originally motivated by physical argu- 
ments, contain essentially no physics at all. On the contrary the mathematical aspects of these 
algebras have been analyzed in many details and this analysis produced, up to now, the mono- 
graphs |10] and [2]. Some physics appeared first in [31] and [39], in the attempt to describe 
systems with a very large (10^'*) number of degrees of freedom, following some general ideas 
originally proposed in the famous paper of Haag and Kastler, [33] . 

These authors consider, as widely discussed in the literature, [21], systems with infinite 
degrees of freedom because, in this way, a simpler approach to, e.g., phase transitions and 
collective phenomena can be settled up. However, moving from a large but finite to an infinite 
number of degrees of freedom one has to build up a mathematical apparatus which is rather 
sophisticated and, as we will see, not yet completely fixed. 

More recently other physical applications of algebras of unbounded operators have been 
proposed by the present author and others, see [H 13 [H [9l [TT|, [121 [IHl HI] for instance. In our 
opinion it is time to review some of these results, trying to connect as much as possible these 
with the original results based on C*-algebras. 

The paper, which is meant to be very pedagogical, is organized as follows: in Section II we 
give an introduction to non relativistic ordinary quantum mechanics (i.e. quantum mechanics 
for systems with a finite number of degrees of freedom), useful to fix the notation and some pre- 
liminary ideas. Section III is devoted to a longer review to non relativistic quantum mechanics 
for systems with infinite degrees of freedom, with a particular interest for some physically rele- 
vant results and for open problems. In Section IV we introduce some mathematical definitions 
and results concerning algebras of unbounded operators, while their physical applications are 
given in Section V. Our conclusions and our future projects are finally contained in Section 
VI. To keep the paper self-contained we have also added two Appendices. In the first one we 
give the general construction of the algebraic settings which extends the Haag and Kastler's 
construction, while in the second appendix we give a list of information of functional analysis 
which may be useful to some non particularly mathematically minded. 

II Ordinary (non relativistic) quantum mechanics 

This and the next sections are heavily based on [4T1 142] , to which we refer for further details. 
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The usual description of non relativistic quantum mechanics, as it is taught in many text- 
books, is given in some fixed Hilbert Ti space as follows: 

each observable A of the physical system corresponds to a self-adjoint operator A in 7Y; 

the pure states of the physical system corresponds to normalized vectors of Ti; 

the expectation values of A correspond to the following mean values: < ^, Aif) >= = 
tr{P.^ A), where we have also introduced a projector operator on and tr is the trace in H; 

the states which are not pure, i.e. the mixed states, correspond to convex linear combinations 
P = P^n^ with Wj = 1 and Wj > for all j; 

the dynamics (in the Schrodinger representation) is given by a unitary operator Ut :— e^^^^^, 
where H is the self-adjoint energy operator, as follows: p ^ pt — U^pUt- In the Heisenberg 
representation the states do not evolve in time while the operators do, following the dual rule: 
A ^ Af — UtAUf, and the Heisenberg equation of motion is satisfied: -^At — ^[H, At]. It is very 
well known that these two different strategies have the same physical content: p{At) — Pt{A). 

A different description of a quantum mechanical system, which is more useful for its exten- 
sions to quantum systems with infinite degrees of freedom, is the algebraic description. 

In this approach the observables are elements of a C*-algebra 21 (which coincides with 
B{TC) for some Hilbert space H). This means, first of all, that 21 is a vector space over C with 
a multiplication law such that VA, i? G 21, AB e 21. Also, two such elements can be summed 
up and the following properties hold: yA, B,C and Va, e C we have 

A{BC) = {AB)C, A{B + C) = AB + AC, {aA){PB) = aP{AB). 

An involution is a map * : 21 — > 21 such that 

A**^A, {ABy^B*A*, {aA + pB)* ^aA* + pB* 

A *-algebra 21 is an algebra with an involution *. 21 is a normed algebra if there exists a map, 
the norm of the algebra, \\.\\ : 21 — > M+, such that: 

||A||>0, \\A\\^O^A^O, \\aA\\ ^ \a\\\A\\, 

\\A + B\\ < + \\AB\\ < \\A\\ \\B\\. 

If 21 is complete wrt ||.|| then it is called a Banach algebra, or a Banach *-algebra if ||A*|| = 

Finally, a C*-algebra is a Banach *-algebra with the property — 
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Remarks:— (1) Using this description of our physical system we pay more attention on the 
rules between the elements which describe the system rather than on the way in which these 
elements concretely act on a given Hilbert space. 

(2) All the C*-algebras are isomorphic to a norm-closed, *-closed, algebra of bounded op- 
erators on a certain Hilbert space. 

(3) All the abehan C*-algebras are isomorphic to the *-algebra of continuous functions, over 
a locally compact Hausdorff space X, which vanish at infinity, Co{X). 

The states are linear, positive and normalized functional on 21, which looks like p{A) = 
tr{pA), when 21 = B{7i), p is a trace-class operator and tr is the trace on 7i. This means in 
particular that 

p{aiA + a2B) = aip{A) + a2p{B) 

and that 

p{A*A) > 0; = 1. 

An immediate consequence of these assumptions, and in particular of the positivity of p, is that 
p is also continuous, i.e. that \p{A)\ < \\A\\ for all A e 21. 

The dynamics in the Heisenberg representation for conservative quantum systems, i.e. for 
systems which do not interact with the environment, is given by the map 

21 9 A ^ a\A) = UtAU; e 21, 
which defines a 1-parameter group of *-automorphisms of 21 satisfying the following conditions 

a\XA) = Xa\A), a\A + B) ^ a\A) + a\B), 

a'{AB) = a\A)a\B), \\a\A)\\ = \\A\\, and a'+' = a' a'. 

Remark:— in the Schrodinger representation the time evolution is the dual of the one above, 
i.e. p^ pt^ a^*p. 

The reason why this algebraic approach to ordinary quantum mechanics is not very much 
used in the literature follows from the following von Neumann uniqueness theorem: for finite 
quantum mechanical systems there exists only one irreducible representation (but for unitary 
equivalence) : 

let us consider, for instance, two operators Q and P such that [Q, P\ — ihl. They can be 
irreducibly represented onH — >C^(R) as follows: qf{q) — qf{q), pfiq) — — ^^/'(?), V/ e <S(R), 
which is dense in Ti.. If now q' , p' is a (different) irreducible representation of Q, P on a (different) 
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Hilbert space 7i', = ihl, then there exists an unitary map V : H ^ H' such that 

q' = VqV*, p' = VpV*. Notice that a more precise formulation of von Neumann theorem 
should require the use of the Weyl unitary operators, to avoid domain problems connected with 
the unboundedness of Q and P, [i2] . 

This result can be interpreted as follows: there is no difference in using an abstract C*- 
algebra or a given Hilbert space when dealing with a quantum system with finite number of 
degrees of freedom since two different (but irreducible) representations of the same algebra are 
surely related by a unitary map and, for this reason, they are physically equivalent. As we will 
discuss in the next section, this is not what happens in quantum mechanics for systems with 
infinite degrees of freedom, QM^o in the following, so that the two descriptions became really 
different. 



Ill A short review of (non relativistic) QM^ 

As just stated, when the degrees of freedom of a system increase up to infinity, the uniqueness 
von Neumann theorem does not need to hold, in the sense that the same physical system may 
have several inequivalent representations. 

A very simple example which exhibits such a feature is an infinite spin chain, the so-called 
Ising model, whose (formal) hamiltonian is H = — J (T|cr|_,_]^. Here (j| is the third component 
of the Pauli matrices localized at the site j of a certain lattice. If J > the following vectors 
both minimize the energy of the system: 

4^^^ = ...®T®T®T®T--- 

and 

4-1) = ...®|®|(g)|(g)|... 
where | and J. are eigenstates of with eigenvalues +1 and —1 respectively: cr^ = 

and 1= ^ ^ • Furthermore, ipj^^^ cannot be mapped into one another by local 

actions, since for instance ipl)^^'^ can be obtained from ip^ only acting with on each site 
of the infinite lattice! For this reason, there exists no element Y of a local algebra (see below) 
satisfying the equality Yipl^^^^ = "Pq'^^ ■ As we will show in a while, these two states are 
related to two different representations of the same abstract C*-algebra, representations which 
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are labeled by different values of an order parameter, the so called magnetization, m ~< 
V'o^^\ 1^1 ^j£v ''^^^^K'^j) "^(t^^ > This implies, moreover, that the two representations, 

called here tt^"*"^) and 7r^^^\ are necessarily unitarely inequivalent, since they describe different 
physics. 

It may be worth noticing also that this model exhibits a first example of spontaneous breaking 
of a symmetry: the following symmetry of the H, 'j : ^ ~'^h clearly not a symmetry 
of the ground state, meaning with this that the two vectors '?/'o^^^ are not left invariant by the 
map 7. We will discuss in the following a consequence of this property. 

This kind of physical systems can be properly discussed within the framework of C*-algebras, 
as first proposed by Haag and Kastler, p3], whose construction goes as follows. 

The algebra. Let E be a physical system with infinite degrees of freedom, C M'^ a finite 
d-dimensional region, Hy the related Hilbert space (whose construction depends on S and 
will be discussed in a moment), 2ty = B(Hv) the associated C*-algebra of bounded operators 
acting on Hy and let finally Hy be the self-adjoint energy operator for Ey, the restriction of 
S in V. 

The family of algebras satisfies the following properties: 

• isotony: if Vi C V2 then Stvi C 21^2- Moreover ||.||2 tvi= ||-||i ^Vi,^V2 C ^y-^uy^); 

• if 14 n 1/2 = then [2ty,, Slv^] = 0. 

In particular this last property clearly shows the non relativistic framework we are discussing 
here, since it simply means that two operators localized in disjoint spatial regions are necessarily 
independent, i.e. they must commute. Then we define 21 = 2to"", where 2lo = UySly and 21 is 
the quasi-local C*-algehra of the bounded observables. 

On this algebra we can introduce the spatial translations {7^}, which is a group of *- 
automorphisms of 21 satisfying the following: •jx^v = ^v+x, lxxlx-2. = Ixi+X2- 

It is now worth discussing briefly two examples of this construction. 

Example 1: discrete system 

Let X be an infinite lattice, G X, and TYq a finite dimensional Hilbert space (e.g. Tio = 
for Pauli matrices). Let Hx a copy of Hq localized in the lattice site x E X and Hy = ^xevHx, 
which is a finite dimensional Hilbert space for each fixed V. Then we consider the C*-algebra 
2ly = B(Hy) which, if Hq = C^, is isomorphic to the set of (2|V|) x (2|V|) matrixes with 
complex entries. 
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The family of Hilbert spaces and C*-algebras constructed in this way are related to each 
other in the following easy and natural way: if V C V then Tiv = Hv ®'Hv'\v and, VA G 2lv, 
A®lv'\v G 2lv". 

Moreover, the map 7^(0^1'' ai} ■ ■ ■ a^x}) = Oj^xl+k ^^xl+k ■ ■ ■ ^il+fc automorphism for each 
k and it represents the spatial translations. 

Finally, the local energy is given by summing up the interactions of all the particles inside 

V, 

Hv^^ Vr{xi,X2,...,Xr) 
r xi,...,XrEV 

where Vr is the r-body interaction. 
Example 2: continuous system 

The starting point, in this case, are the Fermi or the Bose commutation rules, given in terms 
of smeared fields ^[/] = ^{x) f{x) dx, where we take f{x) e 5(M) C >C^(M) for technical 
convenience: 

Let $0 be the vacuum of the theory, i.e. a vector such that ^[/]$o = 0, V/ e 5(]R). 
The Hilbert space Tiy is the norm closure of ^'^[/i] . . . \l/^[/„]$0) where each is supported 
in V. Observe that, even if ^ is a finite volume, dim(?ii/) = 00. This implies that, even 
for finite systems, unbounded operators may appear in the game. To avoid this unpleasant 
aspect one usually introduces the following C*-algebra 2ly = {X G B{T-Cv) '■ [X,Ny] = 0}, 
where Ny = Jy ^^(a;)^(a;) dx is the number operator. In this way, we will only consider those 
observables in 21^/ which are automatically bounded. 

One of the relevant operators is the energy, i.e. the local hamiltonian, which for a 2-body 
interaction, is: 

fi^ r 

Hv^— dx\V'i/(x)\^+ 
2m Jv 

+ - dx dx''^\x)'^\x')V{x,x')'^{x')'^{x), 
2 Jv Jv 

but we see that, in principle, Hy ^ 2ly since Hy may be unbounded! 

The states. Continuing with Haag and Kastler's construction, we recall that the states 
of S are positive, normalized linear functionals on 21 which, when restricted to V, reduces to 
the states over the finite system Sy and, therefore, over the finite volume algebra 21^. In 
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other words, they corresponds to a family of density matrices pv'- p{A) = trvipv^) for each 
A G Sty, here try is the trace in Hy- These states satisfy the foUowing consistency condition: 
trvipvA) = trvipv'A) VA G C V. 

They have a physical interpretation which is given by the Ruelle, Dell' Antonio and Doplicher 
theorem: these states have zero probability to describe an infinite number of particles in a finite 
region. They are usually called in the literature locally finite states. 

Among all the states a particular role is played by the so called pure states: p is pure if it 
is not a convex combination of other states, i.e. if there are no pi, p2 and A g]0, 1[ such that 
p = Xpi + (1 — A)p2- Their relevance is due to the fact that, as we will discuss in the following, 
they are related to the pure thermodynamical phases of a certain physical system. 

Lanford and Ruelle introduced the notion of states with short range correlations (SRCS), 
which are given as follows: let B he a. local bounded observable, e a positive number. Then p 
is a SRCS if there exists a bounded region A such that, for all A bounded and localized outside 
A, then 

\p{AB)-p{A)p{B)\<e\\A\\. 

These states are related to the pure ones. Indeed, in 1969, Ruelle proved that each pure state 
is automatically a SRCS. 

A weaker requirement is the so-called asymptotic abelianess: p satisfies the asymptotic 
abelianess if, for each local A,B, we have 

|p(A7,(i?))-p(A)p(7,(5))|-0, 

when \j\ oo, which means that the quantity p{A'jj{B)) factorizes whenever the two observ- 
ables A and 'yj{B) are localized in regions of the space which are far away from one another. 

The dynamics. The next step in our analysis is related to the description of the time 
evolution of the physical system S. This is obtained from the dynamics of in Heisemberg 
representation as follows: 

first we define the time evolution of the element A in 2ly in the volume V as follows: 
2ly 9 A a\,{A) := e^^v^/^Ae-'^^^^^. 

secondly we use to define a^{A) as follow a* (A) = r — limyay(A), where r is a 

reasonable topology of 21, i.e. a topology usually related to S itself. Possible topologies are the 
following: 

for short range interactions and discrete systems r is usually the uniform topology, |32j ; 
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for long range interactions it is known that ay is not ||.||— converging: a possible alternative 
for r is the strong topology (restricted to a relevant family of states) . This different topology 
has been used in many papers, among which [TJ [STJ HI] and references therein. In this case a 
state p must be chosen in such a way that 

p{aUA))^p{a\A))=:p,iA), 

and this limit defines the time evolution of the state p, pt, by means of Pt{A) := p{a^{A)). 
It is clear that the existence of (sufficiently many) such p's has to be checked in each model. 

The symmetry. It is now possible to introduce the concept of symmetry: an automorphism 
of 21, 7, is a symmetry of the system S if a*(7(y4)) = 7(a*(A)) and is a local symmetry if 
7 : 2ly 2ly and if '-/{Hy) = Hy. We have already seen an example of a local symmetry at 
the beginning of this section, when speaking of the Ising model. 

Moreover, the automorphism 7 is a symmetry of the state p if p-y{A) := p{'y{A)) = p{A), 
VA G 21. 

Representations and GNS-construction. A crucial notion, also in view of its physical 
applications, is that of a *- representation of a *-algebra. This is essentially a map tt : 21 ^ 
B(TC), for a certain H, which preserves the algebraic structure of 21: 

7r{A + B) = n{A) + n{B), 7r(AA) = A 7r(v4), 

niAB) = 7i{A)7i{B), 7i{A*) = 7T{Ay. 

It is clear that 7r(2t) is a *-algebra as well. 

It is a well known fact that any state p over an abstract C*-algebra 21 produces a unique 
(but for equivalence) triplet (HpjnpjQp), where Hp is an Hilbert space. Hp is a representation 
(in the sense discussed above) and Qp is a cyclic vector of Hp, i.e. 7rp(2t)fip is dense in Hp. 
Moreover we have, VA G 2t, 

p{A) =< np,np{A)np > . 

Also, Hp is irreducible if and only if p is pure. 

We can give here the sketch of the proof: 21 becomes a pre-Hilbert space wrt the following 
positive semidefinite scalar product: {A,B) = p{A*B). Let Jp = {A e 2t : p{A* A) = 0}. This 
is a left ideal of 21 (A G Tp,X G 21 then XA G Ip). We introduce the equivalence classes: 
[A] = A + 1, I E Ip which produce a complex vector space when equipped with the following 
operations: [A] + [B] = [A + B], [XA] = \[A]. In this way the set {[A], A G 21} is equipped with 
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a positive definite scalar product: < [A], [B] >= {A, B) = p{A*B). If we complete {[A], A G 21} 
wrt the norm inherited from <, > we get our Hilbert space Tip. 

The representation vTp is defined by 7rp(y4)[i?] := [AB], while the cyclic vector Qp is simply 
Qp = [I]. Notice that, incidentally, vTp is a bounded representation since ||7rp(y4)[i?] || < 
for each A, S G 21. This means that, WA G 21, then TCp{A) G B{Hp). 

Remarks:— (1) The first obvious remark is that GNS representations generated by different 
states need not be unitarily equivalent! 

(2) Each (GNS) representation corresponds to a phase of the physical system. In particular, 
GNS representations generated by pure states correspond to pure phases [38]. 

(3) States which are only locally different are macro scopically indistinguishable: all the 
macroscopic observables have the same expectation values. For instance, if we go back to the 
Ising model, it is clear that 

lim < $;,+'\7r(+i)(4)$(+i) >= 1 = hm < iT^+^\A)^^^^\'K^+^\a^y)Tx^+^\A)^^^^^ >, 

V,00 V,QO 

for any strictly localized A G 21, [4T]. Then they produce unitarely equivalent GNS representa- 
tions. In [41] the author says that two locally different states belong to the same island or to 
a given folium, see |42j . 

This has a clear physical interpretation: equal values of the macroscopic observables (the 
so-called order parameters) label unitarily equivalent representations, which are interpreted as 
the same phase of the matter. In other words: two different phases of the matter correspond 
to two representations in which some macroscopic observable assumes different values. 

(4) An interesting result is the following: even if the algebraic dynamics for E cannot be 
given in an hamiltonian form, nevertheless, under certain assumptions on S, the dynamics in 
each representation vr^ is hamiltonian: there exists a s.a. operator IIp such that, VA G 21, 

^a*(7rp(A)) = z[^p,a*(7rp(A))], 

see IH] and references therein. Hp is what is often called in literature the effective hamiltonian. 

This result has a clear physical interpretation: different phases of S may have, and they 
usually have, different dynamical behaviors, and this is reflected in the different possible ex- 
pressions for Hp. 

III.l Non-zero temperature 

We devote this subsection to some brief considerations on equilibrium states and to the asso- 
ciated phase structure, considering separately the cases of quantum systems with flnite and 
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infinite degrees of freedom. 

Let us start considering finite systems. In tliis case we can prove tliat tlie following are 
equivalent: 

(i) p is a Gibbs state corresponding to the trace class operator p = ^^^('Idem) ' '^^ere = kT; 

(ii) p minimizes the free energy functional Fy{p) = trv{pHv + (^~^p log(p)); 

(iii) p is a KMS (i.e. Kubo- Martin- Schwinger) state at the corresponding inverse temperature 
(3, i.e., roughly speaking, ii A, B e 21, p(A5) = p{BAt+inp), Vt 

This equivalence has an immediate consequence: for each temperature there exists an unique 
equilibrium state, and, therefore, an unique associated GNS representation. This means that, 
for such a finite system, there exists a single thermodynamical phase of S at each given tem- 
perature. 

The situation is completely different for infinite systems. For these systems the role of the 
thermodynamical limit is crucial, and not only for the existence of the time evolution, as we 
will discuss in a moment. 

In order to keep the analysis simple, it is convenient to make the following assumptions on 
the finite volume hamiltonian Hv'- 

1. first we require that Hy is such that HviuV2 ~ Hy^ — i^vi is a surface effect. This condition 
holds, for instance, for short range forces; 

2. there exists c > such that \\Hy\\ < c\V\. 

These assumptions imply, first of all, that a^{A) = || || — limy ^ ay{A). 
Secondly, let us define the following functionals 

Ey{py) = try{pyHy), 
Svipv) = -ktry{py \og{py)), 
Fv{Pv) = Ey{py) - TSy{py) 

These are called the local energy, the entropy and the free energy functionals. In particu- 
lar, the entropy functional satisfies the following crucial inequalities, useful to compute the 
thermodynamical hmits of some functional related to Sy{pv): for each Vir\V2 — $ then 

'S'viUV2(p) < + Sy^. 

This is the so-called subadditivity property of the entropy. The strong subadditivity property, 
proved later by Lieb and Ruskai, also holds: for each Vi, V2, the following inequality is satisfied: 

'S'yiuy2 
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Remark:— In view of the pedagogical nature of this paper, it may be of some interest to 
comment briefly about the definition of the entropy functionaL As a matter of fact this can be 
seen as a quantum counterpart of a concept arising from information theory, where one consider 
the entropy as a mean surprise. Let us show how: 

let us consider a set of M elementary events {£i, . . . , £m} and let pj be the probability that 
the event Sj occurs: of course we have pj > and J2jLi Pj = 1- Let further Uj = — log(pj) 
be the surprise related to Sj: with this definition it appears clear that, if we are sure that Sj 
is going to occur {pj ~ 1~), then there is no surprise at all (and indeed we have Uj ~ 0). On 
the other way, if Sj is extremely rare {pj ~ 0^), then the surprise is very large (and we find 
Uj ~ oo). 

The mean surprise is defined as 

MS = %t i!"' = E = - E ^^S{P^), 

l^i=l i=l i=l 

where pi = Ni/N, which is exactly the Shannon expression of the entropy. The generalization 
from the classical to the quantum entropy gives rise to the definition above. 

The assumptions for Hy and the subadditivity of the entropy, imply that the following 
global density Junctionals 

e{p) = hm s{p) = hm /(p) = lim 

V/ \V\ V/ \V\ V/ \V\ 

exist, as well as the following incremental junctionals 

AE{p\p') = limy^ (Evip'v) - Ev{pv)) , 
AS'(pIp') = limy/. (Svipv) - Svipv)) , 

AF(pIp') = hmy^ (Fvip'y) - Fy{py)) , 

where p' is a local modification of p, i.e. a state which differs from p only on a volume of finite 
size. 

The role of these functionals is crucial in the analysis of the equilibrium states. A state p is 
globally thermodynamically stable (GTS) if it is invariant under translations and if it minimizes 
/(p). It is locally thermodynamically stable (LTS) if AF{p\p') > for all p', local modification 
of p. Then, |3l], it is proved that a GTS state is a LTS state, while an LTS state which is 
invariant under translations is also a GTS state for systems with short range interactions. 

Again, this result has a physical interpretation, which can be deduced also from the explicit 
solution of some easy physical models: a GTS state is an equilibrium state. The LTS states are. 
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for systems with long range interactions, only metastable states (i.e. states with a long mean 
life and good thermodynamical properties). Obviously, they are also true equilibrium states 
under the above assumptions. 

Another interesting result relates the LTS and the KMS states: they are exactly the same 
objects, |4Tj! This implies, of course, that a KMS state for an infinite system is not an equi- 
librium state, in general, but only a metastable state. This is different from what happens for 
finite systems, as we have already pointed out. 

It may be worth, at this stage, recalling some general results on the KMS states. Let S be 
an finite system. Then, as we have already said, a state p over a C*-algebra 21 is a KMS-state 
at an inverse temperature f3 (briefly, a /9-KMS state in the following) if, for all observables A, B 
and for all t G M, 

p{AtB) = p{BAt+inp) 

For infinite systems this definition does not work, in general, since, e.g., At+inis may make no 
sense. Also, and even more substantial, the time evolution may not exist even for real time. 
Therefore, in reference [32], a different definition was proposed: 

p is a /5-KMS state if for each A, i? G 21 there exists a complex function Fab{z) which is 
analytical in the strip ^{z) G [0, h(3\, continuous on the boundaries, and is such that 

FAB{t) = piBAt), FAB{t + ihl3) = p{AtB) 

The physical interpretation of KMS-states are well established by some explicitly solvable 
quantum models: a /3-KMS state, pp, is nothing but a reservoir at a temperature T = 
Indeed, given E described by pp and weakly coupled with a finite system S, in the limit t ^ oo, 
one can prove that, independently of the details of the S — 5 interaction and of the initial state 
of 5, this is described by a Gibbs state corresponding to the same inverse temperature (3 of S. 

What makes the difference between finite and infinite systems is now the following remark: 
while for a given temperature the equilibrium state of a finite system is uniquely fixed by any of 
the three equivalent requirements discussed above, an infinite system S may possess more than 
one GTS state at the same temperature. Examples of different GTS states may be constructed 
as limits of a Gibbs state (for those thermodynamical conditions) corresponding to different 
boundary conditions. This result has a mathematical interpretation which is quite simple: 
while the potential Fy{p) is convex, and therefore admits an unique minimum, the free energy 
density functional f{p) is affine, so that more than a single minimum may be achieved. 

If this is the case, S admits different thermodynamical phases under the same thermodynam- 
ical conditions, each corresponding to a different GTS state. We say that the system possesses 
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macroscopic degeneracy: these different equilibrium states (and the related physical phases) 
are labeled by the (different) values of some macroscopic observables (like the magnetization in 
the case of ferromagnetic materials), [¥T] . 

This fact has several related consequences, which we here list and comment briefly, referring 
to specific textbooks for a deeper analysis: 

The first consequence of the algebraic approach discussed so far, and the possibility of 
having a macroscopic degeneracy for infinitely extended systems, is that it provides a nice 
framework to analyze coexisting phases of such systems and, as a consequence, to discuss easily 
the occurrence of phase transitions. 

A second consequence, which is deeply connected with the first one, is that we can use this 
approach to discuss the so called spontaneous breaking of a symmetry: 

suppose that S has a local symmetry 7 and let A = {p G 21' : p is GTS}, be the set of GTS 
states. Then, since necessarily we have /(p) = /(P7), it follows that for any p G A also p^ G A: 
the symmetry 7 maps A into itself. 

From that we see that, if A = {pi} consists of a single element, 7 is necessarily a symmetry 
of pi: the symmetry is unbroken. In other words, in this case it is clear that pi = (pi)^. 

If, on the contrary, A = {pi, . . . ,p„}, then, in general, we can only say that (pj)^ = pj, 
for some i and j not necessarily equal: if this is the case, then the symmetry is spontaneously 
broken. 

Example (T=0 Ising model): for this model Hy is invariant under spin reversal {cj — > 
— cr|), which is therefore a local symmetry, since it also maps Sly into itself, but the two 
(transactionally invariant) ground states associated to the magnetization m = ±1 are, clearly, 
no longer invariant: they are mapped into each other by the symmetry. To be more explicit, 
the vectors ip^"^^^ are the cyclic vectors related, via a standard GNS construction, to the two 
states p± over the quasi-local C*-algebra of the discrete system, which are characterized by the 
values of the following limits: 



In this example it is clear that A = {p+, p-}. 

Whenever a system exhibits a spontaneously symmetry breaking, a related result on the 
spectrum of the theory can be deduced by making use of the non relativistic Goldstone's theo- 
rem. 
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Roughly speaking, this theorem says the following: suppose that the symmetry 7^ is gener- 
ated by a local charge 



and suppose that 7a commutes with the time translations a*. Then, if 7^ is spontaneously 
broken, i.e. if for some A e 2t, lim^^oo < [<5_r,^] >i/'o7^ 0' then the energy spectrum cannot 
have a gap above the ground state. 

This theorem has proved to be a very important tool both in condensed matter and in 
quantum field theory. 

We want to end this list of results related to our algebraic approach by mentioning a very 
interesting relation between KMS states and the Tomita-Takesaki theory, which enriches the 
list of relevant results which can be easily proven using the C*-algebraic picture of QM^o- 

We start recalling very briefly few facts on this theory: 

first let us recall that a von Neumann algebra (VNA) is a selfadjoint (i.e. closed with 
respect to the adjoint) subset oi B(H), M C B{H), such that M = M" . Here M' = {X e 
B{T-C), [X,A] = VA G A^} is called the commutant of M. and M." , which is constructed in 
the same way, is its bicommutant. Equivalently, C B{TC) is a VNA if it is weakly closed or 
strongly closed. 

This implies that every VNA is a C*-algebra (indeed, if Ai is weakly closed then Ai is 
automatically uniformly closed), while not any C*-algebra is a VNA (e.g. Co{X)). 

Tomita-Takesaki's theorem is given for cr— finite VNAs, for which a cyclic and separating 
vector surely exists. We recall that a vector (f ^ Ti is said separating for A4 if, Xif = for 
X ^ A4 is equivalent to X = 0. Let Q he a cyclic and separating vector, and let 5*0 and Fq be 
the densely defined operators 



These operators are closable, S = Sq, F = Fq, and the polar decomposition of S, S = JA^/^, 
produces the modular conjugation J and the modular operator A associated to {Ai, fi). 

Many results have been discussed in the literature concerning J and A, but since they have 
no role here, we will not give further details, referring to |2T] for more information. We just 
want to mention here the following result: 




joix,t) d^x,and 7a(A) = ||.|| lim e^^«^Ae-*'3«^, 



SoAn = A*n, FoA'n = A'*n, yAeM,yA' e m'. 
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Tomita-Takesaki theorem: With the above definitions we have 



JMJ = M', and 



-it 



M 



for aU t G M. 

It is not very hard to show now that aU the KMS states can be used to generate a modular 
structure in the sense of Tomita-Takesaki: 

let p be a — 1-KMS state (i.e. a KMS state corresponding to (3 = —1. This is what it is 
usually called simply a KMS state). This state generates a GNS representation (Tip, tt^, fip). 
Let Up{t) the unitary operator which implements a* in this representation. Then Qp is cyclic 
and, since p is KMS, is also separating for 7rp(2l)", i.e. 7!-p{X)Qp = implies that TfpiX) = 0, 



Then we are in the assumptions of Tomita-Takesaki's construction, so that we can introduce 
a modular conjugation Jp and a modular operator Ap associated to (7rp(2l)", fip). Calling Hp 
the generator of Up{t), we find that 

Ap = e^". 

In other words: given a system S an effective hamiltonian surely exists in any representation 
GNS-constructed by a given KMS-state. 

It may be worth stressing that these are only few results which can be obtained within an 
algebraic frameworks. More results on phase transitions, applications to quantum field theory, 
statistical mechanics etc. can be found in many specialized textbooks, among which we only 

cite [lai EH Ea mills]. 

III. 2 A list of problems 

Instead of giving more results on this canonical scheme, we devote the last part of this section to 
discuss some limits which are, in our idea, intrinsic with the approach discussed so far, and which 
suggest the construction of a slightly generalized algebraic framework. These conclusions are 
based on a simple remark: the main results which have been given in this section are obtained 
under some requirements, which may not be necessarily satisfied in many relevant conditions. 
For instance, we have assumed that the norm of the local hamiltonian Hy does not grow faster 
than \V\: \\Hv\\ < c\V\. 

However, this is not always true: actually, it is false quite often! For instance, this inequality 
is violated already by a gas of free bosons, for which Hy = ^jgy '^I'^jy since each creation and 
annihilation operator is such that ||aj|| = ||a||| = oo. 
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This same condition is satisfied, on the contrary, by a gas of free fermions, for which, 
however, dim{TCv) < oo. This is one of the reasons why, in the analysis of an open system, the 
free gas of bosons which constitutes the reservoir is frequently replaced by a gas of fermions. 
We will come back on this point in a moment. 

The second assumption considered above is that the interactions are short ranged. 

However this is not the case in many situations. For instance, the Coulomb interaction is 
long ranged, while in the mean field models the real forces are replaced by interactions with 
an infinite range: this means that, given two particles localized in i and j, they feel the same 
strength independently of the difference \i ~ j\. However, many results can be obtained even 
under these conditions. In particular we find that: 

• ay is not norm convergent to an algebraic dynamics a*, but, as we have already sketched 
before, we can (often) find a different topology which makes of ay {A) a Cauchy sequence for 
each (or for many) A G 21, see [3 HH |26] just to cite few authors. 

• We have already mentioned that, in general, KMS states are not equilibrium states (i.e. GTS 
states). Moreover, they are not even limits of Gibbs state; indeed, in plj, it is stated the 
following result, which we repeat here in a simplified version: 

if ay is uniformly convergent to a* and if, calling uj^^\A) = try{pi3 yA), with y = 7^^^^^, 
the limit \imyUJ^^\A) = ujj3{A) exists for each A G 2lo, then: 

a. Up is a /3-KMS state wrt a*; 

b. uj/3 is associated to a modular operator and a modular conjugation (in the sense of 
Tomita-Takesaki) . 

Remark:— it is clear that we are requiring here the uniform convergence of ay, which, 
as we have just seen, is violated for long range interactions, and the existence of the limit 
of uj^^\A), which is not ensured a priori!! Therefore we cannot conclude that limit of Gibbs 
states are surely KMS states. 

• surface effects become volume effects, so that variables at infinity (i.e. completely delocalized 
operators) appear in the dynamics of strictly localized operators. These are related to the order 
parameters used to describe different phases, [37] and references therein; 

• the density functionals e(p) and f{p) do not necessarily exist, since in the proof of their 
existence, the assumption that the forces are short ranged is crucial, see [H]; 

• the Goldstone's theorem holds only in a modified form [37] . 

We see that a new world appears whenever the interactions appearing in the physical system 
modify their range. We also observe that many things can be said but many other aspects are 
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still to be clarified. 

A third assumption which is usually somehow hidden in the C*-algebraic approach to QM^o 
is related again to the presence on the (almost) unavoidable unbounded operators. Consider, 
for instance, the position and momentum operators q and p. As we have already mentioned, 
they satisfy the following commutation relations: [q,p] = il (in convenient units) and, as a 
consequence, it is an easy exercise to check that at least one of them must be unbounded. 
Actually, it is well known that they are both unbounded. In the literature three possible ways 
to deal with unbounded operators have been proposed: the first one consists in restricting the 
action of the operators on some (possibly dense) subset of a given Hilbert space, a sort of 
common domain of all the operators. A second possibility is to exponentiate these unbounded 
and self-adjoint operators in order to define unitary (and therefore bounded) operators. The 
original operators can be recovered by taking suitable derivatives of the unitary maps on certain 
relevant sets of vectors. A third possibility is the following: we could replace, say, the operator 
p with a bounded operator p^v whose spectrum coincides with the one of p inside a compact 
interval [— A^, A^], and is zero outside this set. It is clear that pN is bounded and, as A^ — > oo, 
approaches p in some sense. Then one considers only those states on 21, A^-depending as 
well, such that ujn{pn) converges in the limit A^ oo to some specific quantity, which in some 
sense represent the mean value of the original operator p on a state which can be interpreted 
as the limit of the family of states ujn- An example of this procedure can be found in [1]. 

However, quite often this is not enough. As an example, we cite the Lindblad expression 
for the generator L of a completely positive semigroup (describing the time evolution of a 
quantum open system). These structures play a very important role in the analysis of order- 
disorder transitions out of equilibrium, [Hj 1^. 

More in details, let 21 and 53 be C*-algebras. We recall that a map / : 21 — > 03 is positive if 
f{A) > for each A > 0. It is completely positive, CP, if, for any finite matrix algebra Ai, the 
mapping / (g)I:2l®A4^^(8)7Vlis positive. 

Examples of completely positive maps are the following: (1) the automorphisms of C*- 
algebras are CP; (2) let IC C H be both Hilbert spaces and P the projection operator from H 
into JC. Then f{A) = PAP is CP. 

A quantum dynamical semi-group is a set {Tj : t > 0} of completely positive, identity 
preserving maps of 21 such that TsTt = Ts+t for all s,t > and Tq = 1. If Tt is normwise 
continuous in t for all A G 21, then there exists an infinitesimal generator L defined by the 
formula 

^TtA = LTtA = TtLA, VA G 21 
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Lindblad proved that, if 21 = B{l-L) (for some 7Y), L has necessarily the following expression: 



Very few results exist for unbounded operators, [291 EH ES] , mainly because of the following 
technical difficulty: if Tt is a semigroup (and not a group) it follows that Tt{AB) ^ Tt{A)Tt{B) . 
For this reason even if we can introduce a cutoff in the system (so that all the operators we 
get are bounded), no known general result on perturbation of generators can be used because 
it will contrast with the final operation of removing the cutoff! 

As we have already mentioned, to avoid this kind of difficulties, in many models the boson 
reservoir is replaced by a fermionic one, as for instance, in [23] for the open BCS-model, changing 
a realistic into a, somehow, toy model. This suggests that an alternative procedure should be 
considered, and this will be the contain of the next sections. 

IV Algebras of unbounded operators 

In this section we will briefly introduce different examples of what we generically call algebras of 
unbounded operators, giving only those mathematical results and deflnitions which are relevant 
for our purposes. A much deeper analysis of these aspects can be found, for instance, in [2] or 
in [10]. 

A possible algebraic framework, which is also the main one we will work with here and in 
the next section, is the following: 

let 2t be a linear space, 2lo C 21 a *-algebra with unit 1 (otherwise we can always add it): 
21 is a quasi * -algebra over 2lo if 

[i] the right and left multiplications of an element of 21 and an element of 2lo are always 
defined and linear; 

[ii] Xi{x2a) = {xiX2)a, {axi)x2 = a{xiX2) and Xi{ax2) = {xia)x2, for each Xi,X2 G 2lo and 
a e 21; 

[iii] an involution * (which extends the involution of 2lo) is defined in 21 with the property 
(ah)* = h*a* whenever the multiplication is defined. 

A quasi * -algebra (21, 2lo) is locally convex (or topological) if in 21 a locally convex topology 
r is defined such that (a) the involution is continuous and the multiplications are separately 




where H is self-adjoint and Vj, Ylij ^j^j ^ ^• 



19 



continuous; and (b) 2lo is dense in 2l[r]. 

Let {pa} be a directed set of seminorms which defines r. The existence of such a directed set 
can always be assumed. We can further also assume that 2l[r] is complete. Indeed, if this is not 
so, then the r-completion 2l[r] is again a topological quasi *-algebra over the same *-algebra 
2to. 

One may ask why these structures are related to unbounded operators. This can be under- 
stood in a simple way just remarking that, if a and b are unbounded operators, then ab and ba 
do not exist in general. But if x is a third bounded operator, then xa, ax, bx and xb are all well 
defined, at least if the range of x is contained in the domain of a and b. This is refiected by the 
fact that 2t is not a *-algebra, while 2to is, but only a quasi *-algebra: not all its elements can 
be mutually multiplied, but we can safely multiply an element of 21 with an element of SIq. 

This abstract argument can be made more explicit by the next example, which shows 
explicitly that some concrete realization of (2t, 2to) contains unbounded operators. 

Example: Let 7i be a separable Hilbert space and an unbounded, densely defined, self- 
adjoint operator. Let D{N^) be the domain of the operator N'^, k G A/", and T> the domain of 
all the powers of A^: V = D°°{N) = r\k>oD{N''). This set is dense in Ti. Let us now introduce 
C'^iV), the *-algebra of all the closable operators defined on V which, together with their 
adjoints, map V into itself. Here the adjoint of X G C''{V) is = Xj^p. 

In V the topology is defined by the following X-depending seminorms: G V H^IU = 
||X"0||, n G No, while the topology tq in C^^iV) is introduced by the seminorms 

X G C\V) \\X\\^'^ = max{||/(X)XX'=||, ||X'=X/(X) || } , 

where A; G Nq and f & C, the set of all the positive, bounded and continuous functions on R_|_, 
which are decreasing faster than any inverse power of x: C^{V)[tq] is a complete *-algebra. 

It is clear that £''"(P) contains unbounded operators. Indeed, just to consider the easiest 
example, it contains all the positive powers of X. Moreover, if X is the closure of Xq = a, 
with [a, a'^] = I, £"''(T') also contains all positive powers of a and a''". 

Let further C{V, V) be the set of all continuous maps from V into V, with their topologies 
(in V this is the strong dual topology, see Appendix 2), and let r denotes the topology defined 

^We need to introduce a map which, given an element X G £^(2?), produces another element X'' e C''{T>). 
The most natural choice, which is clearly X'' = X*, is only compatible with C''{'D) — B{H), i.e. with N 
bounded, which is not what we want. Recalling that D{X*) D V, it is clear that X^^-p is well defined. Further 
one can prove that f has the properties of an involution and maps C'' (2?) into itself. 
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by the seminorms 

X e C{V,V') ^ = \\f{N)Xf{N)\\, 

f eC. Then C(V,V)[t] is a complete vector space. 
In this case C^'iV) C C(V,V') and the pair 

is a concrete realization of a locally convex quasi *-algebra. 

Remark: let us now suppose that V = 5(M), the set of the test functions, and V = iS'(M). 
Since 5(M) C S'{R), it is easy to check that C^{S) C C{S,S'). Let ^(x) G 5'(M). We define 
the map as follows: = V/(x) G 5(M). Since G S'{R), and 

since is continuous, we conclude that Zq, G C{S,S'). It is clear that, for instance, Z|, does 
not exist for generic \E', and this reflects the fact that C{S,S') is not an algebra. 

Using a quasi *-algebra is not the only possibility to include unbounded operators in a 
reasonable algebraic framework. For completeness we briefly mention now two other possibilities 
which, however, will play no role in the physical applications considered in the next section. 

We begin recalling that a partial *-algehra [3J is a complex vector space 21 with involution 
* (with the usual properties) and a subset V C (21, 2t) such that 

(x,i/) GTiff {y\x*)eT- 

if (x, y), (x, 2;) G r then (x, \y + jJiz) G F for all A, /i G C; 

if (x, ?/) G F then there exists an element x-y G 2t. This multiplication satisfies the following 
properties: x ■ {y + \z) = x ■ y + \x ■ z and (x ■ y)* = y* ■ x*, V(x, y), (x, 2;) G F. 

Such a structure is a generalization of a quasi *-algebra, meaning with that that each quasi 
*-algebra is also a partial *-algebra. However, from our point of view, this appear to be too 
general to be used in concrete applications, and for this reason is not particularly relevant in 
our scheme. 

Other examples of algebras of unbounded operators are the so-called CQ*-algebras [TO] , 
which can be seen as particular cases of topological quasi *-algebras. We do not give here the 
general definition but only its simplest version with some examples, referring to flUl [T6l [T71 [T8l 
[T9] for more details. 

A (proper) CQ*-algebra is a quasi *-algebra such that: 2lo[||.||o] is a C*-algebra; 2l[||.||] 
is a Banach space in which 2lo is dense; the two norms are related as follows: ||x||o = 
max |sup||^ll<;^ II ax ||, sup||„||<]^ || xa ||}, Vx G 2lo. 
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This is a natural generalization of C*-algebras: indeed the completion of any C*-algebra 
(2lo, II II o) with respect to a weaker norm || || satisfying: (i) || A* \\ = \\ A ||, WA G 2to and (ii) 
II AB II < II A nil B llo, yA,B e 2lo, is a CQ*-algebra. 

Let us now consider few examples of CQ*-algebras: 

Examples (commutative cases): 

(1) We begin with (Lp(X, /i), Co(X)), where X is a compact space and Co{X) is the set of 
the continuous functions on X [16j; 

(2) The second abelian example is (Lp(X, /x), L°°(X, /i)), where (X, /i) is a measure space 
with fi a Borel measure on the locally compact Hausdorff space X \16\ . 

Examples (non commutative cases): 

(3) We first mention the non commutative spaces, |17j . 

(4) A second example can be constructed as follows: let 7i be a Hilbert space with scalar 
product (., .) and S an unbounded selfadjoint operator, with S* > I, with dense domain D{S). 
The subspace D{S) becomes a Hilbert space, denoted by H+i, with the scalar product (/, g)+i = 
{Sf,Sg). and let H-i denote the conjugate dual of H+i. Then H-i itself is a Hilbert space. 
Given further 

21 = {X G B(Ti.+i, Ti-i) : X is compact from 7i+i into Ti-i} , 

A\) = {X G B(Ti.+i) : X is compact in 7i+i} , 

then (2l[||.||], *, 2lb[||-||b], is a (non proper) CQ*-algebra of operators, whose definition can be 
found in p!8] . 

Remark:— We also want to stress that these structures have been used in relation with 
Tomita-Takesaki's theory, [T9] . 

It is not surprising that, analogously to what happens for C*-algebras, a crucial role also 
from the point of view of physical application is played by the * -representations of a quasi 
*-algehra. 

Let now (2t, 2lo) be a quasi *-algebra, V^, a dense domain in a certain Hilbert space and 
TT a linear map from 21 into C^{T>t^,1-Lt^), where 

C\V^,n^) = {X closable in : D{X) = and D{X*) D V^}. 

This is a partial *-algebra with the usual operations X + Y, XX, the involution X^ = X*j)^ 
and the weak product XaY = X^*Y (defined whenever YV^ C D{X^*) and X^V^ C D{Y*). 
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Notice that these conditions produce the definition of the set T C {C^ {V^jHt,), C'^ (V^jHt:))). 
Let furthermore 

is a *-algebra and the weak multiphcation □ reduces to the ordinary multiphcation of 
operators. 

In our context a ^-representation 0/ 21 is a hnear map from 21 into £^(1?^, Htt) such that: 

(i) 7r(a*) = 7r(a)t, Va e 21; 

(ii) if a e 21, X e 2I0, then 7r(a)n7r(x) is well defined and 7r{ax) — 7r{a)07r{x). 
Moreover, if 

(iii) 7r(2lo) C jC^iV,), 

then TT is said to be a * -representation of the quasi *-algebra (21, 2lo). 

As for C*-algebras, we see here that a *-representation preserves the algebraic structure of 
the abstract quasi *-algebra (21, 2lo). 

Remcirk:— It may be worth noticing that it might appear more natural to represent (21, 2lo) 
in another quasi *-algebra {C{Vt,, V'^), £^(P^)), analogous to the one constructed above with V^^ 
instead of I> = D°°{N). We will return on this quasi *-algebra in the following. Nevertheless, 
it is usually more convenient to use >C^(I>7r, H-n-) for the following reasons: 

1. if a G 21 then 7r(a) G C'^{Vt,, 7i^). Therefore Wip G 7i{a)(p G 7Y^. Of course, if we decide 
to represent a as an element of C{V.^,V^), wc go out of the Hilbcrt space {7r{a)(p ^ Tij^, 
in general)! This is not exactly what one expects from a representation of a *-algebra, 
since the abstract elements of the algebra are usually represented acting and living on 
some Hilbert space; 

2. we also have a technical reason to use C^Vt^, TC-jt), which will appear clear in a moment: 
in the theorem on the derivations given in the next section the topology plays a role, 
and this can be defined on C^{T>t^, Hn) but not on C{Vt^, T>'^); 

3. finally we can observe that any partial *-algebra is a quasi *-algebra: therefore the choice 
of representing a quasi *-algebra into a partial *-algebra of operators is consistent. 

The *-representation tt is called ultra-cyclic if there exists ^0 G T^n such that 7r(2to)Co — T^n- 
TT is faithful if Tr{x) — implies x — 0. 

As we have anticipated, we use tt to introduce a certain topology on 7r(2l): let tt be a *- 
representation of 21. The strong topology Tg on 7r(2l) is defined by the seminorms: {p^(.); C ^ 
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Ptt}, where p^{n{a)) = ||7r(a)^||, a G 2t, ^ G T'tt- This will be used in the next section. It 
may be worth noticing that ||7r(a)^|| would make no sense in general if 7r(a) was an element of 

/:\v,v'). 

As for ordinary C*-algebras, even now it is possible to give a GNS-like construction. As a 
matter of fact, several possible extensions of this construction exist, but we will here mention 
only one, [45j. 

Let us assume here that the topology r is given by a norm ||.||. Therefore 21 is a Banach 
space and we suppose, for simplicity, that (21, 2lo) has a unit I. Let (f a sesquilinear form on 
2t X 2t such that 

(i) > 0, Vx G 21; 

(ii) ip{ax, y) = ip{x, a*y), Wa e% x,y e 2lo; 

(iii) there exists 7 > such that \(p{x,y)\ < 7||a;|| \\y\\, Vx, ?/ G 2to. 
These conditions imply that 

iV^ = {a G 2t : f{a, a) = 0} = {a G 21 : f{a, b) = 0, V6 G 21}. 

Let A^(2t) = 2l/A^(^ and let us introduce a scalar product on this vector space as follows: 
< A^(a), X^{b) >= (p{a, b). 

Let further Ti^ be the completion of A<^(21) wrt the norm inherited by this scalar product. 
One can check that A<^(2lo) is dense in 7i^. 

Let us finally define a map 7r°: 

7r°(a)A<^(x) = A(^(ax), a G 2t, x G 2lo : 

Then 7r° is a *-representation of 2t in C\\{^q) ,1-Lip) . Moreover, 

(1) A^(2to) = 7r°(2lo)A^(I) (i.e. A^(I) is ultra-cyclic); 
(ii) ¥.(a,6) =< 7r°(a)A^(I),7r°(6)A^(I) >, Va, 6 G 21. 

Remarks:— (1) this approach uses sesquilinear forms instead of /mear functionals: indeed, 
while uj{a*b) is not well defined for generic a, 6 G 2t, independently of the choice of the linear 
functional cu, </)(«, b) surely makes sense if (y9 is a generic sesquilinear form on 2t x 21. This allows 
to define a scalar product on 21 x 2t, as shown above; 

(2) the physical interpretation is analogous to that discussed in the previous section: different 
sesquilinear forms produce different representations which can still be interpreted as different 
phases of the matter. 
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V Physical applications 



In this section we will show howthe algebraic framework discussed so far can be of some use- 
fulness in the rigorous treatment of some physical systems. 

V.l Existence of an effective hamiltonian 

We begin with reviewing some recent results obtained in collaboration with A. Inoue and C. 
Trapani, [13], [H], and concerning the possibility of introducing, under certain conditions on S, 
an effective hamiltonian. 

Definition: Let (2l[r],2lo) be a quasi *-algebra. A *-derivation of 2lo is a linear map 
5 : 2to 2t with the following properties: 

(i) 5{x*) = 6{x)\ Vx e 2lo; 

(ii) 6{xy) = x6{y) + 6{x)y, Vx, y e %. 

As we see, a *-derivation of 2lo does exactly what one expects from a similar object: it is a linear 
map, it preserves the adjoint, and it satisfies the Leibnitz rule, of course only for those elements 
for which this can be defined. From a physical point of view we have already seen that it is 
quite hard for a derivation to be implemented by an hamiltonian at an algebraic level: even if a 
local hamiltonian does exist (i.e. the energy for finite V), usually this sequence of operators do 
not converge to a self-adjoint operator H in most topologies, even if the sequence e*^^* X e~*^^* 
converges for each observable X. This means that the dynamics is, in general, hamiltonian only 
at a local level. However, as we have already discussed in Section III, under some conditions 
of S an effective hamiltonian exists in B{T-Cp), i.e. in the C*-algebra obtained, via the GNS- 
representation, from some state p. The role of the representation appears evident now, and we 
will recover the relevance of certain representations even in our settings. In particular, we will 
restrict ourselves to those *-representations vr of (2t, 2lo) such that, whenever x G 2to satisfies 
7r(x) = 0, then tt{6{x)) = 0. Under this rather natural assumption, the linear map 

6^{7i{x)) = 7i{6{x)), xe%), 

is well-defined on vr(2to) with values in 7r(2t) and it is a *-derivation of 7r(2lo). We call 6^, the 
*-derivation induced by vr. 

Given such a representation vr and its dense domain V^, C Ti-,,, we consider the graph 
topology generated by the seminorms 



25 



Let be the conjugate dual space of "D^ and t'^ the strong dual topology of T>'^, i.e., see 
our second appendix, the topology generated by the seminorms 

T>'^3 z ^ ps{z) := sup \ <x,z>\, 

where <, > is the form which puts in duality T>t^ and T>'^ and £^ is a bounded set in T>t^. Then 
we get the usual rigged Hilbert space 

p,[tt] c7i, cp;[4]. 

Let C{Vt^, V'^) denote the space of all continuous hnear maps from Vj^t^] into "P^rf^t^ ^^^^^ 
one has 

Each operator A e C^Vt^) can be extended to an operator A on the whole in the 
following way: 

< ir, 7^ >=< r, A^v >, vr e 2);, e V,. 

Therefore the left and right multiplication of X e C{T>t^,T>'^) and A e >C^(I>^) can always be 
defined: 

{X o A)e = X{AO, and {A o X)^ = A{XO, e V,, 

and for that we can conclude, as already anticipated before, that {jC{T>t^,T>'^), jC^{T>t^)) is a 
quasi *- algebra. 

Let d be a *-dcrivation of SIq and tt an ultra-cyclic *-rcprcscntation of (21, 2lo) with ultra- 
cyclic vector ,^0- Then 7r(2lo) C €"^{1?^^). We say that the *-derivation 5^ induced by tt is spatial 
if there exists H^^ = Hi e jC{Vt^, V'^) such that i^TrCo G '^tt and 

57r(7r(x)) = i{i?7r o 7r(x) — 7r(x) o if^}, Vx G 2lo- 

The meaning of this definition is clear: a derivation produces in a representation tt a spatial 
induced derivation if this can be implemented by a symmetric operator Ht^: the way in which 
5,r is, in a certain obvious sense, described by if,r is via a generalized commutator, i.e. a 
commutator where we may need to consider some adequate extensions of the the operators 
involved. To be more exphcit, if a; e 2lo, then n{x) G C'''{'D^), so that, since by definition 
e jC{T>Tr,T>'^), it is clear that if^ ° 7r(x)'0 = -ff7r7r(a;)'0 € T^'-j^ for each t/j e 1)^^. Viceversa, 
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in general we have n^x) o Ht^i/j = 'jT{x)H.„ip G V'^, since H-^ip G for each ip G V^,, so that 
it{x){Ht^'$) is not well defined. This kind of difficulties, however, is not a big surprise here since 
they are almost everywhere whenever one deals with unbounded operators., and it is easily 
overcome here by means of the o multiplication. 

The main result concerning spatial derivations is contained in the following theorem, [T3] . 
which extends and analogous result for C*-algebras which can be found, for instance, in [21] . 

Theorem 1 Let (2l[r],2lo) be a locally convex quasi *-algebra with identity and 6 be a *- 
derivation o/SIq. 

Then the following statements are equivalent: 

(i) There exists a {t — Tg) - continuous , ultra-cyclic *-representation n ofQl, with ultra-cyclic 
vector such that the *-derivation 5^ induced by n is spatial. 

(a) There exists a positive linear functional f on 2lo such that f{x*x) < p{x)^, Vx G 2lo, for 
some continuous seminorm p of t and, denoting with f the continuous extension of f to 21, the 
following inequality holds: 



for some positive constant C . 

(Hi) There exists a positive sesquilinear form on 2t x 21 such that: 
Lf is invariant, i.e. (f{ax,y) = (f{x,a*y), for a// a G 21 and x, ?/ G 2lo; 

(f is T-continuous, i.e. \(p{a,b)\ < p{a)p{b), for all a, 6 G 2t, for some continuous seminorm 



for some positive constant C . 

Remarks:— (1) even if 5 cannot be written as 5{x) = i[H,x], for any i7 G 2t, if the above 
theorem can be applied, then 6.,^ is, essentially, the commutator with a certain symmetric oper- 
ator, Htj. Again, as we expect for physical reasons, the dynamics depends on the representation 
TT and, as a consequence, on the phase of the matter. 

(2) The above theorem can be used to answer to the following question: suppose we add 
to a spatial *-derivation 6o a perturbation 6p such that 6 = 6o + 6p is again a *-derivation. 




p of t; 



if satisfies the following inequality: 




•0, 
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Under which conditions is 6 still spatial? A sufficient condition for this to be true, [13], is that 
\f{Sp{x))\ < \ f{6o{x))\, for all x G 2to, which is exactly what we expect since this means simply 
that 6p is smaller than 6q. If we call H.,^, ifjr.o and H^^p the operators which implement 6, Sq 
and 6p, we can also prove that ilH^^, A]ip = ilH^rfi + H^^p, A]iIj, for all A G C^'iVj,) and ip G V^,. 

This theorem is the starting point to consider the problem of the removal of the cutoff. This 
means that we are assuming, as usual, that the dynamical behavior of the infinite system is 
obtained as a suitable limit of its restriction to a finite volume Vl. At the infinitesimal level, 
this means that we have a family of inner derivations 6l, with hi their associated energies, (i.e. 

= i[hL,x] for all x G 2lo and for all L) but we don't now if the limit of these deriva- 
tions is still inner or, at least, if the induced limiting derivation is spatial in some particular 
representations. Let us now be more precise. 

Let S = {(2t, 2lo), S, a*} be a physical system, where, extending Sewell's notation, [42], 
(21, 2lo) is a quasi *-algebra, S the set of states over (21, 2to) and a* the time evolution. Let 
further {Sl = {21^ C 2to,S,a^},L G A} be a family of regularized systems, i.e. Sl is the 
restriction of S to some finite volume Vl- Here A is a set of indexes, used to label the finite 
volume systems Sl. We suppose here that, for each fixed L, the dynamics a\ is generated by 
a *-derivation 6l- 

al{x) = ^0 - J] ^ 5i(a;) = e'^'^'xe-'''^', Vs G 21^. 

k=0 

Here tq is a topology on 2lo. Actually, this assumption is not necessary even if this is really 
what we have in mind, and what actually happens for ordinary C*-algebras at least for discrete 
systems, where each is a bounded operator. 

Definition 2 The family {Sl, L E A} is said to be c-representable if there exists a * -representation 
71 o/ (21, 2lo) into some {OVt^.V^), C){Vt,)) such that: 

(i) 7C is {t — Tg) - continuous ; 

(a) n is ultra-cyclic with ultra-cyclic vector ^q; 

(Hi) when 7t{x) = 0, then 7c{6l{x)) = 0, VL G A. 
Any such representation it is a c-representation. 

Making use of this definition we can prove the following Proposition, [14j: 

Proposition 3 Let {Sl,L E A} be a c-representable family and vr a c-representation. Let 
Hl = h*j^ E 2li be the element which implements 6l: Sl{x) = i[hL,x], Vx G 2lo, VL G A. 
Suppose that 6l{x) is r-Cauchy Wx G 2to and that supL ||7r(/iL)^o|| < oo. 
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Then, one has 

(a) 6{x) = T — limL5i(a;) exists in 21 and is a ^-derivation o/2to; 

(b) (5^, the *-derivation induced by tt, is well defined and spatial. 

Remarks:— (1) It is clear that if the sequence {h^} is r-convergent, then Sl{x) is automat- 
ically r-Cauchy Vx G SIq. 

(2) This Proposition implies that any physical system S with a c-representable regularized 
family {Sl,L G A} admits an effective hamiltonian in the sense of [TT l l44l |41] l34]. 

(3) This is our version of Sewell's result on the existence of different effective hamiltonians 
in different (GNS-like) representations: a physical system E exhibits different dynamics in its 
different thermodynamical phases. 

(4) We want to cite here an open problem which, in our opinion, deserves a deeper analysis: 
what happens if we consider a representation vr' globally equivalent but locally different from a 
given c-representation vr? Is vr' still a c-representation? Do the related effective hamiltonians 
coincide? This is indeed what one expects in connection with what has been discussed in the 
C*-algebraic approach, even if no explicit proof of this claim exists at this stage. 

V.2 The time evolution 

In this subsection we will consider the problem of the existence of the algebraic dynamics for 
a system with infinite degrees of freedom at the level of automorphisms of a certain quasi *- 
algebra, instead of considering only its infinitesimal behavior. More explicitly, the problem is the 
following: suppose that we have been able to prove that the derivation 5 exists. Nevertheless, 
in general we have no information about 5^, 5^, . . .. Moreover, even if all these maps do exist, 
this does not mean that the series H ^^i^)-, which defines a^{x) when x and H are both 

bounded, exists as well, for a generic x G SIq- In other words, the existence of 5{x) does not 
imply, by no means, the existence of a^{x) for x G 21 or even for x G 2lo. 

Furthermore, the effective hamiltonian Ht^, whose existence has been proved in the previous 
subsection, is symmetric but not self-adjoint, and therefore the spectral theorem cannot be 
used to define e^^"^ and, as a consequence, to conclude that 7r(«*(x)) = e*^''* 7r(x) e^*-'^'"*! So 
the following crucial problem arises: how to define a time evolution in this case? 

This is a rather hard problem already in a standard setting, when there is no problem in 
multiplying elements of the algebra. Here this is quite a dangerous operation and the difficulties 
are even more than before. We will devote the rest of this subsection to some partial results 
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which can be used to analyze certain classes of physical systems. It may be stressed that no 
general result really exists at this stage. 

V.2.1 Prom 5 to a*: the first way 

We begin by considering a class of models which are suggested by the mean field spin models, 
reviewing some results first obtained in [T3]. 

Let us assume that the finite volume hamiltonians can be written in terms of some s.a. 
elements s^, a = 1, 2, .., A^, which are r-converging to some elements G 21, commuting with 
all the elements of SIq: 

= r - lim si, x] = 0, Vx G SIq. 

For mean field spin models s" is the magnetization and r is the strong topology restricted to 
a relevant family of states, [7], or, alternatively, the so-called physical topology, [91 [TT | [T2l [33] . 
adopting the Lassner's terminology. 

We say that {si} is uniformly r-continuous if, for each continuous seminorm p of r and 
for all a = 1, 2, A^, there exists another continuous seminorm q of t and a positive constant 
Cp,q,a such that 

p{sla) < Cp^g^aq{a), Va G 21, VL G A. 

From this definition it also follows that p{as1) < Cp^g,ag(a), Va G 2t, and that the same 
inequalities can be extended to s". Then we have 

Lemma 4 // {si} is a uniformly T-continuous sequence and if t — lim^s^ = s"', Va, then 
T — lim/, {sD^ = (s°)'^, Va and for k = 1,2, .... 

Proposition 5 Suppose that (1) Wx E [hL,x] depends on L only through si and (2) si 
s" and {si} is a uniformly T-continuous sequence. 
Then, for each A; G N, the following limit exists 

T - \imi''[hL,x]k = T - \imS'l{x), Vx G 2lo, 
and defines an element of^ which we call 5^''\x). 

Remark:— The reason why we prefer to use S'^''\x) instead of 5^{x) is just to stress in this 
way that it is not possible to write = x]k, since first of all no global h does exist and, 
secondly, even if it does, [h, x]k is not well defined in general because of domain difficulties. 

Once we have obtained conditions for all the multiple commutators to exist in some reason- 
able sense, we still need to find conditions for which the infinite series which defines a*(x) do 
converge. For that it is convenient to introduce here the following definition: 
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Definition 6 We say that x G QIq is a generalized analytic element of 6 if, for all t, the series 
XlfcLo Tg-convergent. The set of all generalized analytic elements is denoted with 

Q. 

Therefore we have.p^. 

Proposition 7 Let he a net of elements of^ and suppose that, whenever 7i{xry) 7r(x) 
then Then, Vx G Q and Vt G M, the series ^^^^^''{x) converges in the r-topology 

to an element of 01 which we call 

Moreover, a* can be extended to the T-closure Q of Q . 

It may be worth noticing that, even if the assumptions are rather strong, they are satisfied, 
for instance, by mean field spin models! 

V.2.2 Prom b to a*: the second way 

Let TT be a faithful *-representation of the quasi *-algebra (21, 2lo) and b a *-derivation of 2to 
such that 5^, is well-defined on 7r(2to) with values in 7r(2t). 

We define the following subset of 2to (a domain of regularity of S) 

2lo(5) := {x G 2to : b^[x) G 2to, VA: G No}. 

Whenever 5 is regular the set 2lo(5) is large. For instance, if 6 is inner in SIq with an implementing 
element h G 2lo, then 2lo((5) = SIq. For general 6, contains, at least, all the multiples of 

the identity 1 of SIq. 

2lo(5) is a *-algebra which is mapped into itself by 5. Moreover it is easy to check that 
7r{6^{x)) = 5^(7r(x)), Vx G %{6) and VA; G Nq. Therefore it follows that 6^{7r{x)) G 7r(2lo). 
Let as be the topology on 21 defined via in the following way: 

2t 3 a ^ q^{a) = p^iTc{a)) = ||7r(a)^||, ^ G V^. 

Then we have the following theorem, |14j : 

Theorem 8 Let (21, 2lo) be a quasi *-algebra with identity, S a *-derivation on 2lo and vr a 
faithful ^-representation of (21, 2to) such that the induced derivation 5^ is well defined. Then, 
we have: 
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(1) if the following inequality holds 

Wt] eV^3cr,>0: Pn{6^{n{x))) < c^Pn{7i{x)), Wx e 2lo(5), 

then YlhLo f^'^'^(^) converges for all t in the topology ag to an element c»/2lo((5) " which we call 
a^{x); a* can be extended to 2lo((5) \ Moreover a* : 2lo(5) 2lo(5) " and 

a'+^{x) = Vt, r, Vx E 2to(5); 

(2) Suppose that the following inequality holds 

3c> : Vr^i G 3A^^ > 0, n e N and ri2 e : 

p^,{S';{n{x))) < A^,^k\k^p^,{Tx{x)), \/x G 2to(5), VA; G No, 
t/ien Xlfe^o converges, for t < ^ in the topology to an element o/2lo(5) " which we 

call a^{x); a* can be extended to 2lo(5) \ Moreover a* maj»s 2to(5) ° mto itself for t < ^ and, 
Vx G 2lo(5), 

q;*+^(x) = a\a'^{x)), Vt, r, wt/i t + r < -. 

c 

Remarks:— (1) As we see, this theorem gives sufficient conditions for a* to be defined (as 
a converging series) at least on a certain subset of SIq- 

(2) Here and in the previous approach the spatiahty of the derivation is not required. It is 
obvious that, when H.,^ exists as a self-adjoint operator mapping into 7i^, we could use 
the spectral theorem to define 7r(«*(x)) = e*^''*7r(x)e~*^'"*; 

V.2.3 A different point of view 

In a recent paper, [12], we have considered the problem of the existence of a* from a slightly 
different point of view, which is maybe more suitable for systems with a finite number of degrees 
of freedom. This is because we have assumed that the energy operator of our quantum system 
system does exist as a self-adjoint, unbounded and densely defined operator Hq > 1. Then, 
it is known that the operator e*^"*, and therefore the time evolution of an observable X, can 
be defined via the spectral theorem. However, but for finite dimensional Hilbert spaces, our 
claim is that the natural algebraic framework to discuss the dynamical behavior of the system 
is £^(P)[ro], where V = D°°{Hq), rather than B{7{). Indeed, if dim{T-C) = oo, it is clear that in 
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general Hq ^ BiTi) and that 5 does not map BiTi) into itself. On the other hand, it is evident 
that Ho e C\V)[to] and that 5 : C\V)[to] C\V)[Ta]. 

These claims are based on the following natural procedure: 

let Hq = XdE{X) be the spectral decomposition of Hq, see Appendix 2. We define, for 
L > 1, the projectors (5° = dE{X) and we introduce the regularized hamiltonian Hl = 

For each L, we see that Q^,Hl G B (H) f] (V) . Furthermore, we have [Q^]^,Hl] = 
[QlHo] = [Ho,Hl]=0. 

If To is the topology on C^(V) generated by the seminorms 

C\V) 3A^ \\A\\f'' = m^x{\\H^AfiHo)\\, \\fiHo)AH^\\}, 

then we have: 

(i) Hl Hq with respect to the topology tq; 

(ii) je**''^^} is TQ-Cauchy in C'^iV) and converges to e*^"* 

(iii) WA G C'^iV), the sequence je^^^'^^Ae"**^-^ } is ro-Cauchy in C^(T>) and converges to 

We can therefore conclude that Hq, e^^°*, and a*{A) := Q^tf^o j^Q-ttHo belong to C'^{'D), 
\/A G C^{V). Moreover we can also show that 

a\A) = To - lime^*^Me-**^^ = (tq - lime**^^) A (tq - lime"^*^^) . 

This suggests the use of C^{V)[tq] as a natural algebraic and topological framework for 
the analysis of the time evolution of, at least, finite quantum systems. Of course, a similar 
construction can be repeated also for QMoo systems, at least for those systems for which an 
unbounded, self-adjoint and densely defined operator M exists such that [M, Hl] = (on a 
dense domain), [Mj . 

In the same paper we have considered the role of a perturbation in this approach: let 
H = Hq + B, and suppose that the spectral decomposition of the free hamiltonian Hq is 
explicitly known while the spectral decomposition of the perturbed hamiltonian H cannot be 
exactly found, which is exactly what usually happens in concrete situations. We have shown 
that the convenient algebraic structure is again C'^{V), with V = D'^{Hq), (since, if Hq has 
discrete spectrum, we know an o.n. set in V and, as a consequence, we know T>) but the 
technically convenient topology, r, is that given by the seminorms 

C^{V) 3A^ Pllf = me.x{\\H'^Af{H)\\, \\f{H)AH%, 



33 



because with this choice some of the above convergence results can be estabhshed. Moreover 
this apparent difference between the algebraic and the topological frameworks, can be easily 
controlled. Indeed we have proven in [12] that, if (1) D{Hq) C D{B) and if H = Hq + B is 
self-adjoint on D{Hq), and (2) if V°°{Hq) = V°°{H) (hypothesis for which we gave necessary 
and sufficient conditions), then tq = r. 

Under these assumptions we can therefore undertake a deeper analysis of the existence of 
the algebraic dynamics for a perturbed hamiltonian. We refer to [I2] for a detailed analysis, 
which eventually produces a rigorous definition of the Schrodinger dynamics. 

V.3 Fixed point results 

This is an alternative procedure which again produces a rigorous definition of the dynamics of 
a (closed) physical system, [5], and which is based on a generalization of well known fixed point 
theorems. 

Let 03 be a r-complete subspace of C^{T>) and T a map from 03 into 03. We say that T is 
a weak t strict contraction over 03, briefiy a wrsc(*B), if there exists a constant c g]0, 1[ such 
that, for all (/i, k) G Cn '■= (C,No), No = N U {0}, there exists a pair {h', k') G Cn satisfying 



In what follows we will consider equations of the form Tx = x, T being a wrsc(^). The 
first step consists in introducing the following subset of 03: 



Tx-Ty\\^^^ < c\\x-y 



h',k' 



Vx,?/ G 03. 



(5.1) 




(5.2) 



L being a fixed positive real number. 



Lemma 9 Let T be a wrscCiS). Then 

(a) if TO = then any x G 03 such that supj-^^ ^j-jg^j^ < Li belongs to 03^ for L > 




belongs to for L > Li(l + c) + L2; 

(c) ifxe^L then T"x G 03^, for all n G U ; 

(d) 03l is T- complete; 

(e) iftSi is not empty, then T is a wtsc(^l)- 



34 



?Bl is non empty, see [5]. The existence of a fixed point is ensured by the following Propo- 
sition: 

Proposition 10 Let T be a wtsc(^). Then 

(a) Vxo G 53l the sequence {xn = T"xo}n>o is r-Cauchy in'tSi- Its t -limit, x G ^l, is a 
fixed point ofT; 

(b) if Xo,yo G 03^ satisfy the condition sup(;j ^.-jg^jv ll^o ~ yoll^'*^ < oo, then t — lininT^xo = 
T - lim„ T"yo. 

For physical applications we need to consider the case in which these maps depend on an 
external parameter: 

let / C M be a set such that is one of its accumulation points. A family of weak r strict 
contractions {Ta}a(^i is said to be uniform if 

1) : !B ^ OS Va G /, ^ being a r-complete subspace of 

2) W{h,k) G Cn and Va G / there exist {h',k') G Cjy, independent of a, and Cq, g]0, 1[, 
independent of {h, k), such that 

\\To,x-To,yt''<c4x-yf''', Vx,yG^; (5.3) 

3) c_ = limc,,oC„ g]0, 1[. 

We further say that the family {Ta}a<^i is r-strong Cauchy if, for all {h, k) G Cn and Wy G ^, 

\\T^y-Tpyf'^''^\. (5.4) 

We call ^'f^ the following set fB^"^ = {a; G <8 : sup(;, ^jgc^v H^"^ ~ ^H''''' ^ ^} • 

Proposition 11 Lei {Ta}a£i be a r-strong Cauchy uniform family of wrscC^). Then 

(1) There exists a wtsc(^), T, which satisfies the following relations: 

llTy-T.yf'^'^O VyG^, V(/i,fc)GC^ 

and 

\\Ty - Tzf^^ < c_\\y - zf^^' Vy, z G <B, 

where ih! ^ k') are those of inequality ( 15.31) . 

(2) let {xa}aei be a family of fixed points of the net {Tojag/.- TaXa = Xa, Va G /. // 
{xa}aei is a r-Cauchy net then, calling x its r-limit in x is a fixed point ofT. 
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(3) If the set flag/QS^^ is not empty and if the following commutation rule holds 
Ta{Tpy) = Ti3{Tay), Ma, (3 el and My e 03, 

then, calling 

Xa = T — lim T^x°, where x° G flag/QS^^ 

eachxa is a fixed point ofT^, T^Xa = Xa and {xa}a€i ar-Cauchy net. Moreover T—\ima^QX a 
is a fixed point ofT. 

As an application we have proven in [5] that, under certain technical assumptions, the time 
evolution of a given operator x, 

Xa{t)=X + i I ds[Ha,Xa{s)], 

Jo 

is associated with a uniform family of wrsc(£^), {Ua}, which is also r-strong Cauchy. This 
implies that, because of the Proposition above, the dynamics for the physical system can be 
obtained as a r-limit of the regularized dynamics Xa{t), which is a fixed point oi U := lim^ Ua- 



V.4 Explicit estimates 

We end this excursus of (class of) models for which the time evolution is under control, by 
considering the so-called almost mean field Ising model, defined by the following finite volume 
hamiltonian 

= ^ E -'-I (5-5) 

with < 7 < 1, [8J. Particularly relevant in the mathematical description of this model is 
the almost magnetization operator Sy := J2pev '^p- fs.ct, if A is a local observable, its 
regularized time evolution ay (A) := Q^^yt j^^-iHyt general depends on t, A and 5*^. 

In the first appendix it is discussed in some details how to construct the relevant Hilbert 
space for the model, Ti-in}, the dense domain ©{„}, the 0*-algebra CiV^n}), a *-representation 
of the C*-spin algebra 21^ and the physical topology tq, following [M]. Here we introduce also 
a different topology r on 21^, which has proved to be of some usefulness, as follows: 

r: := ||/(Af{„|)7r|„}(A)/(M|„|)||, 

where / belongs to C. With these definitions, calling 2lo the TQ-completion of 21^ and 21 the 
r-completion of 2ts, we proved in [8] that: 
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• (2l[r], 2lo[ro]) is a topological quasi *-algebra; 

• all the powers of the almost magnetization are ro-converging in 21; 

• the finite volume dynamics ay TQ-converges to a one-parameter group of automorphisms 
a* of 2lo ; 

• a* solves the Xo-limit of the finite volume Heisenberg equation of motion. 

Another spin model which can be analyzed within the same algebraic framework is the 
almost mean field Heisenberg model, 

J 

I I iJi=V a=l 

with I < 7 < 1, see [9j, which differs from the Ising model because it is intrinsically three- 
dimensional. 

A different class of models that we have considered using the same approach involves free 
and interacting bosons, [1]. The formal hamiltonian H for the one mode free bosons is simply 
the number operator N = a^a, a and being the annihilation and creation operators for the 
bosons. They satisfy the canonical commutation relation [a, = I. (More properly, N is the 
unique self-adjoint extension of the symmetric operator a^a.) 

The construction of the topological quasi *-algebra is the usual one. Let V := D°°{N) = 
r\k>oD{N^). This set is dense in the Fock-Hilbert space Ti. constructed in the standard way. 
Starting from V we can define the *-algebra C~^{V). It is clear that all powers of a and 
belong to this set. The topology in C~^{T>) is, using Lassner's terminology in [31], the usual 
quasi-uniform topology: 

X e C+{V) ^ ||X|K'^ ■=mdJc{\\f{N)XN^\\,\\N^Xf{N)\\] , (5.6) 

where / G C and > 0. We have already discussed several times along this paper that C^{V) [tq] 
is a complete locally convex topological *-algebra. 

Let £i be the subspace of Ti generated by all the vectors which are proportional to (a^)'<l'o- 

Let also be the direct sum := £q Q) Si Q) © Sl- Finally, let = J^'ilo^^i- 

spectral decomposition of the number operator A^. The operators 11^ are projection operators, 
as well as the operators Ql = J2f=o^i- The following properties are obvious: 

UkUi = 61,1111, Ul = Uk; QlQm = Ql, if L<M, Q{ = Ql- 
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It is clear that 11^ : 7i — > Sk, and Ql Ti. —>^ J-'l- The operator Ql is used to cut-ofF the 
hamiltonian, by replacing a with ai '■= Qlo-Ql- The regularized hamiltonian is simply Hl = 
QlNQl = NQl and the related time evolution is a^iX) = e*^^*Xe~*-'^^*. This occupation 
number cut-off produces a self adjoint bounded operator and we have shown in |3] that the 
limits of a\{a^) and a^((a^)"') exist in C'^(V)[tq] for all n G A''. We have already seen that 
this result has been generalized by those in [T2] . 

The same algebraic framework turns out to be useful also in the analysis of the thermody- 
namical limit of the interacting model described by the following formal hamiltonian: 

i/y = ^ (Tfa| + a^a + 7(0 + a"^)cTy, 

where cry = Xliev ^f- Here the algebra C^{V) must be replaced by 21 = BiHspm) ® C^{'D). 
The topology on 21, Tcomp, is generated by the following seminormsiUXAII-^'*"''"^ = ||X||'^''^||y4\E'||, 
X G C^{V) and A G B(Hspin)- It is worthwhile to remind also that "if cannot be a generic 
vector in Hspin, but must belong to the set 

J'=l^^enspin : hm ^|]ap3vl/ = a^vl/, H^ILlI < l| • 

As before, the regularized hamiltonian is obtained by replacing a with := Ql^Ql, so that 
the new hamiltonian Hv,l depends on two, in principle, unrelated cutoffs. The existence of the 
limit of ay];^{X) = e^-'^^'^^Xe"*^^-^* is ensured by the following result, [1]: the limit of ayi^{a) 
for \V\ and L both diverging exists in 2l[ro]. Moreover, if the two cutoffs satisfy the relation 
\V\ = U , for a certain integer r > 1, the same holds true also for cy^yL^crl^)- 

V.5 Few words on other results 

In this paper we have only discussed in some details results related to those research lines I 
am more involved which, as already mentioned, are mainly related to quasi *-algebras. We 
dedicate this short section to a very brief list of different lines of research, starting with the 
analysis of one-parameter groups of *- automorphisms in the context of a particular class of 
partial *-algebras, the so-called partial 0*-algebras. This analysis is important because both 
time evolution and physical symmetries are examples of *-automorphisms. Some results on the 
existence of the time evolution for a given physical system, its continuity and the spatiality of 
the related derivation can be found in [2| and in references therein. 
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Another application of algebras of unbounded operators originates from the analysis of 
point-like quantum fields as discussed in [30, EE]. Here the field A{x) is represented as a 
sesquilinear form on a certain domain D C H. One of the basic Wightman axioms is that 
the smeared field A{f) = J^^ A{x)f{x)dx exists as a well defined operator in V for any given 
/ G C^(M^). However this may not be true and different possible definitions of point-like field 
have been proposed in the literature. A detailed analysis on this subject can be found, for 
instance, in [28] . 

We end this short subsection mentioning a last application of quasi *-algebras in the analysis 
of the dynamics of a free Bose system confined in a segment of length /. A contradiction arising 
from the analysis of this system, which originates from the use of the Bogoliubov inequality, 
disappear when one constructs the CCR quasi *-algebra as in [35] or, alternatively, adopting the 
point of view of [20j where the authors generalize the notion of states on unbounded operator 
algebras. 

Other physical applications of algebras of unbounded operators can be found in |25j . 

VI Work in progress and future projects 

We want to discuss here some preliminary results concerning a situation in which the algebraic 
framework is somehow fixed and no global hamiltonian exists, but only a family of finite volume 
energy operators. This is essentially what happens in the standard formulation of QM^. More 
in details, let S" be a self-adjoint, unbounded, densely defined operator on a Hilbert space Ti. 
For simplicity we assume that its spectrum is discrete, even if most of the results do not depend 
on this aspect: S = Yl'i^o^i^^- Let V = D°°{S), and C'^{V) and r constructed as usual. Let 
further = J2f=o ^i^i regular hamiltonian: G B{7i), WL. It is worth stressing that 

we are assuming, for the time being, that the spectral projections of are the same as those 
of S. 

In some of our previous attempt, and in particular in what we have discussed in Subsection 
V.2.3, we had r — limi^^ G This implies, in particular, that H exists and H G 

In this case we have seen that there is absolutely no problem in defining a Shrodinger or an 
Heisenberg dynamics. In p] we have proven that this is not necessary. More in details, we have 
proven that for each sequence {hi}, if {s^"^} is in /^(Nq), then 

1. e*''^^* r-converges to an element Tf G /^^("D); 

2. VX G the sequence e*^^*Xe~*''^^* r-converges to an element a\X) G C^iV); 
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3. VX G C^{V) we have a\X) = TtXT.f, 

4. if Qm = EZo, X G C^{V), Xm = QmXQm and 5l{Xm) = t[HL,XM] then 

a\X) = T- hm y -SHXm). 

i=o 

Remark:— We see, therefore, that the time evolution of each element of C\T>) can be 
defined (in three different ways!) even if does not define any hamiltonian of the system 
E, i.e. even if does not converge in any natural topology. This is relevant for us since it is 
exactly what happens in the most general physical situations, as we have widely discussed in 
Section II. 

However, here we are assuming that S and Hi admit the same spectral projections. It is 
natural to ask what happens if this is no longer true. In this case we have the following partial 
results, |6]: 

suppose that S = Xl/^o ^^^^i = X^i^o ^i^h with Ej ^ Pj. Then something can be 

said also in this case. In particular 

• if [El, Pj] = for all or if Ei ^ Pi only for a finite number of Vs, the above results still 
can be proved; 

• let {ipi} and {ipi} be two different orthonormal bases of TC and suppose that Pi = \ipi >< (pi\ 
and El = \ipi >< ipil. It is clear that [Ei, Pj] 7^ in general. Nevertheless, if ipi is a finite linear 
combination of the y^j's, then again the above results still can be proved. 

The last result of [6] which we want to cite here concerns the role of the Gibbs and the 
KMS states for this situation: let := ^ -^g^^ density matrix of a Gibbs state at 

the inverse temperature jS. Then it is easy to check that r — limj;^ pi exists in But it is 

still to be investigated is whether this limit is a KMS state (in some sense). 

As it is clear even if many results have been obtained within this context, many others are 
still to be obtained. In particular, the following research lines are already opened: 

1. we need a deeper analysis of the previous results when S and Hl are essentially different 
and, in particular, if [Hl-^,Hl2] 0- 

2. What can be said about Goldstone's theorem when ay does not converge uniformly (or 
jF-strongly) to a*? What does this theorem become in a quasi *-algebraic framework? 
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3. Can we define a KMS state when ay does not converge uniformly (or jF-strongly) to a*? 

4. Is tliere any relation between these KMS-like states and the phase structure of the physical 
system? 

5. Is there any relation between these KMS-like states and the Tomita-Takesaki theory? 
(something is discussed in [2]) 

6. What about local modifications? Do two states p and x which are only locally different 
generate unitarily equivalent representations? And what can be said about the related 
effective hamiltonians? (Some results are already discussed in 
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Appendix 1: the algebras for H 



Let S be a system with infinite degrees of freedom. We recall that the Haag ang Kastler's 
construction of the C*-algebra associated to E, can be schematized as follows: 



2ty := B{nv) 








2to = U2t^/ 



which means that to each volume V it is associated an Hilbert space Tiy and a C*-algebra 
B(Ttv), whose union produce SIq. Taking the completion of 2lo wrt the C*-norm, we get 
the C*-algebra of the quasi-local operators. We refer to Section II for more details on the 
construction Tiy, and, in particular, to what concerns the states on 21 and the dynamics. 

The construction of the topological quasi*-algebra for a spin system goes as follows, [21]: 

1. let 7i = and, n G M.^, \n\ = 1, and \n >G 7i fixed (but for a phase) by requiring 
that {& ■ n)\n >= \n > and \n > is normalized. For further extensions, it may be worth 
remarking that this is just a way to extract a certain vector \n > out of Ti. 

2. let {np} be a sequence of normalized vectors in and {{fip >} the related normalized 
vectors in Hp, all copies of H, constructed as in 1. We put \{n} >= >. Of course 
\{n} >G Hod '■= ®'^=iHp, which is a non-separable Hilbert space, [13]. Also, because it is 
defined via an infinite tensor product, the scalar product must be defined with a certain 
care. We don't want to discuss these mathematical details here, since they do not play a 
major role here, and again we refer to 03]. 

3. Let TT be a natural realization of SIq: 7r((T")|{ri} >= {®p^j\np >) ® >), and H[n} 
be the closure in Hoo of the space 7r(2lo)|{n} >. This is a separable Hilbert space. 

4. An o.n. basis of Hi^n} is given by the set {|{m}, {n} >} = ®p\mp,np >, where nip = 0, 1 
for each p and mp < oo. Here we have defined each vector \m,n >:= {a ■ n^)'^\n > , 
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m = 0, 1, where n = ^{n^ — i n'^) , , n"^ and n being an o.n. set in M^. 

5. The operator M{„}|{m}, {n} >= (1 + X]p"^p)l{"^}> {^} > unbounded, self adjoint and 
greater than 1. We use this to define a dense subset of 7i{n}, 1^{n} = D°°{M{n}), and 
"Din} to define the 0*-algebra 

6. We find that 7r(2lo) C C^{V{n})- 

7. We can introduce a topology tq on 2lo as follows: VX G 2to we put, as usual, 

||X||{;^j := max{||/(M{„})7r(X)Mf„}||, ||Mf„^7r(X)/(M|„|) || } . 
As we see, these seminorms are labeled by (/, k) and by {n}. 

8. Taking the completion 2t of 2lo wrt the topology tq we get a topological *-algebra. The 
realization of 2to can be extended to 21 and we find that 7r(2t) C /^^("Din}). 

9. In the analysis of concrete models like the BCS model of superconductivity, [34j, it is 
necessary to introduce a different topology, and some physically relevant limits have to 
been searched in C{V[n},1^[ri})^ which is constructed as we have discussed in Section IV. 

The same construction can be repeated for other infinite discrete quantum system obtained 
as infinite tensor product of finite dimensional Hilbert spaces. For instance, if dim{T-C) = N 
and if -i/^j, j = 0, 1, . . . , X — 1 is an o.n. basis of H, we can still take a vector \l/o = ®pez V^o,p 
which belongs to the non separable Hilbert space Tioo constructed as before. Starting from this 
vector we can introduce a separable Hilbert space as the closure in Hoo of 7r(2lo)^05 tt being the 
natural realization of the algebra of the matrices X x X— and, finally, a number-like operator 
X^ which is unbounded, self-adjoint and densely defined (and play the role of M{„} above). 
The rest of the construction can be easily repeated, and a topological quasi *-algebra associated 
to the physical system can be finally constructed. 
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Appendix 2: general facts in functional analysis 

This appendix is devoted to list few well known facts and results in functional analysis which 
are used throughout this paper, and that we have decided to give here to keep the paper self 
contained. 

1. Operators in a Hilbert space Ti: A is defined on a domain D{A) which, if A is 
bounded, can be taken to be all of Ti. If A is unbounded (i.e. if sup^^g^^^^-) II^V^II = oo), 
then D{A) is a 25ro]:>er subspace of 7i. (e.g. D{x),D{p) C >C^(M), since xf{x) ^ >C^(M) for 
each f{x) G C\R)). 

2. Closed operator: An operator A is closed iff, for each sequence {(pn} C D{A) converging 
to (fi and such that A(pn converges to then ^ = A(p. 

3. Extension and closure of an operator: Given two operators Ai and A2 on Ti. wc say 
that Ai is an extension of A2, and we write Ai D A2, if D{Ai) D D{A2) and Aiip = A2^p 
for each ip G D{A2). An operator A is said to be closable if it has a closed extension. 
Every closable operator has a smallest closed extension, called its closure: A. A is closable 
iff for each sequence {v?n} C D{A) converging to and such that Acpn converges to "if, 
then * 0. 

4. Adjoint of an operator, bounded case: in this case A* is defined as < /, A*g >—< 
Af, >, for each f,geH. If ^4 = ^4* then A is self-adjoint. 

5. Adjoint of an operator, unbounded case: Again we put < f,A*g >—< Af,g >, 
for each / e D{A) and g e D{A*), where D{A*) ^ {g e H : 3gA e H such that 

< f,gA>^< Af,g >}. Obviously we have gA -■ A*g. 

6. Symmetric operator: let A be densely defined in Ti. A is symmetric if A G A*, that 
is, if D{A) C D{A*) and Aip = A*ip for each ip G D{A). Equivalently, A is symmetric if 

< Af^g >=< f,Ag >, for each f,g G D{A). A is self-adjoint if A is symmetric and if 
D{A) = D{A*). A symmetric operator A is called essentially self-adjoint if its closure A 
is self-adjoint. In this case there exists only one self-adjoint extension of A. 

7. Density matrices and traces: A density matrix, p, is an operator on H defined as 
P — '"^n -F^n ) where are orthogonal projectors on the o.n. set {■0n} and Wn>0 
with Yl'^=i^ri = 1- Therefore p is bounded and positive. Clearly tr{p) — Yl'^=i < 
V'n, P'0n >= "i^n = 1- Remind that tr does not depend on the choice of o.n. basis. 
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8. Spectral analysis: if A = A* has a discrete spectrum tlien it can be written as A = 
Yl'^=i Pip„y where {A„} and {ipn} are the eigenvalues and the eigenvectors of A. If A has 
not discrete spectrum then we have A = J XdE{X), in a weak sense, where {E{X)} is a 
family of mutually commuting operators, such that E{—oo) = 0, E{oo) = I, E[\) < E{X') 
if A < A', and -E'(A) E{X') if A — > A' from above, (if A has discrete spectrum then 
E{X) = Ea„<a P^J 

9. One-parameter unitary groups: Stone's theorem: A one parameter group of uni- 
tary transformations of 7^ is a family Ut of unitary operators in ?-^, t G M, such that 
UtUs = Ut+s and Uq = I. This is strong-continuous if f/j — I strongly when t ^ 0. In 
this case Stone's theorem states that there exists an unique self-adjoint operator in 7^ 
such that, V/ E D{K), 

jUJ = iKUtf = lUtKf. 

Then we can simply write Ut = e^^^. K is the infinitesimal generator of the group. 

More precisely we have the following: let Ut be a strongly continuous 1-parameter group of 
unitary operators. The vectors ip E Ti. for which limj q (—i) ^^y^ exists form a dense set 
V inTi. This limit defines a self-adjoint operator K which is the infinitesimal generator 
of the 1-parameter group. 

A related result is the following: let K he a self-adjoint operator with spectral resolution 
E^. Then the operators Ut = e^^'^dE^ form a 1-parameter group of unitary operators 
with K as infinitesimal generator. 

10. Tensor products: 7^i®7^2 = linear span{/i (g)/2, fj G Tij, J = 1, 2}, with scalar product 
< /i ® /2,5'i ® 92 >=< fi,gi >i + < f2,g2 >2- The operators Aj G BCHj), j = 1,2, 
define a bounded operator Ai ®A2 on Hi ®Ti.2 as {Ai (8)^2) (/i ® /2) = ^1/1 ® ^42/2. The 
extension to ^p^zHp is rather subtle, and it is discussed in details in [13] . 

11. Strong dual topology: Let E he a locally convex space and F its dual, i.e. the set 
of the bounded linear functionals on E. The strong dual topology is a topology on F, 
f3{F,E), defined by the following seminorms: 

F9/^p^(/):=sup|/(x)|, 
which are labeled by the bounded subset of E, A C E. 
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For T> and T>' this becomes 

V' 3 z ^ peiz) sup | < x,z > |, 

where <, > is the form which puts in duahty V and V and £^ is a bounded set in V. 



46 



References 



[1] G. AUi and G. L. Sewell, New methods and structures in the theory of the multi-mode Dicke 
laser model, J. Math. Phys. 36, 5598 (1995) 

[2] J. -P. Antoine, A. Inoue and C. Trapani Partial *-algebras and Their Operator Realizations, 
Kluwer, Dordrecht, 2002 

[3] J.-P. Antoine and W. Karwowski, Partial *-Algebras of Closed Linear Operators in Hilbert 
Space, PubLRIMS, Kyoto Univ. 21, 205-236 (1985). 

[4] F. Bagarello, Applications of Topological *-Algebras of Unbounded Operators, J. Math. 
Phys., 39, 2730 (1998) 

[5] F. Bagarello, Fixed Points in Topological *-Algebras of Unbounded Operators, Publ. RIMS, 
Kyoto Univ. 37, (2001), 397-418. 

[6] F. Bagarello, New results on a quasi* -algebraic approach to quantum dynamics, in progress 

[7] F. Bagarello, G. Morchio, Dynamics of mean field spin models from basic results in abstract 
differential equations, J. Stat. Phys. 66, 849 (1992) 

[8] F. Bagarello and C. Trapani, Almost' Mean Field Ising Model: an Algebraic Approach, 
J.Statistical Phys. 65, (1991), 469-482. 

[9] F. Bagarello and C. Trapani, A note on the algebraic approach to the "almost" mean field 
Heisenberg model, II Nuovo Cimento B 108, (1993), 779-784. 

[10] F. Bagarello and C. Trapani, States and representations of CQ* -algebras, Ann. Inst. H. 
Poincare 61, (1994), 103-133. 

[11] F. Bagarello, C. Trapani, The Heisenberg Dynamics of Spin Sistems: a Quasi* -Algebras 
Approach, J. Math. Phys. 37, (1996), 4219-4234. 

[12] F. Bagarello, C. Trapani, Algebraic dynamics in 0*-algebras: a perturbative approach , J. 
Math. Phys. 43, (2002), 3280-3292. 

[13] F. Bagarello, A. Inoue, C. Trapani, Derivations of quasi ^-algebras. Int. Jour. Math, and 
Math. Sci., 21, 1077-1096 (2004) 



47 



[14] F. Bagarello, A. Inoue, C. Trapani, Exponentiating derivations of quasi *-algebras: possible 
approaches and applications, Int. Jour. Math, and Math. Sci., 17, 2805-2820 (2005) 

[15] F. Bagarello, G. L. Sewell, New Structures in the Theory of the Laser Model 11: Microscopic 
Dynamics and a Non-Equilibrim Entropy Principle, J. Math. Phys., 39 (1998), 2730-2747. 

[16] F. Bagarello, C. Trapani, U'-spaces as quasi *-algebras, J. Math. Anal. Appl., 197, 810-824 
(1996) 

[17] F. Bagarello, C. Trapani, S. Triolo, CQ*-algebras and non- commutative integration, Studia 
Mathematica, , 172, 289-305 (2006). 

[18] F. Bagarello, C. Trapani Morphisms of Certain Banach C*-Algebras, Publ. RIMS, Kyoto 
Univ., 36, No. 6, 681-705, (2000) 

[19] F. Bagarello, A. Inoue, C. Trapani, Some classes of topological quasi *-algebras, Proc. 
Amer. Math. Soc, 129, 2973-2980 (2001). 

[20] M. Bouziane, P.A. Martin, Bogoliubov inequality for unbounded operators and the Base 
gas, J. Math. Phys. 17, (1976), 1848-1851. 

[21] O. Bratteli and D.W. Robinson, Operator algebras and Quantum statistical mechanics 1, 
Springer- Verlag, New York, 1987. 

[22] O. Bratteli and D.W. Robinson, Operator algebras and Quantum statistical mechanics 2, 
Springer- Verlag, New York, 1987. 

[23] E. Buffet, P.A. Martin, Dynamics of the Open BCS Model, J. Stat. Phys., 18, No. 6, 
585-632, (1978) 

[24] A.M. Chebotarev, Lectures on quantum probability, Sociedad Matematica Mexicana (2000) 

[25] D. A. Dubin, M. A. Hennings, Quantum mechanics, algebras and distributions, Longman 
Scientific and Technical, (1990) 

[26] D.A. Dubin, G.L. Sewell, Time-translations in the algebraic formulation of statistical me- 
chanics, J. Math. Phys. 11, (1970), 2990-2998. 

[27] G.G. Emch, H.J.F. Knops, Pure thermodynamical phases as extremal KMS states, J. Math. 
Phys. 11, (1970), 3008-3018. 



48 



[28] G. Epifanio, C. Trapani, Quasi *-algebras valued quantized fields, Ann. Inst. H. Poincare, 
46, (1987), 175-185 

[29] F. Fagnola, Quantum Markov Semigroups and Quantum Flows, Proyecciones, 18, no. 3, 
(1999), 1-144 

[30] K. Fredenhagen, J. Hertel, Local algebras of observables and pointlike localized fields, 
Comm. Math. Phys., 80, (1981), 555-561 

[31] R. Haag, Local Quantum Physics, Springer, Berlin (1992) 

[32] R. Haag, N.M. Hugenholtz, M. Winnink, On the equilibrium states in quantum statistical 
mechanics. Comm. Math. Phys., 5, 215-236, (1967) 

[33] R. Haag and D. Kastler, An Algebraic Approach to Quantum Field Theory, J. Math. Phys. 
5, (1964), 848-861. 

[34] G. Lassner, Topological algebras and their applications in Quantum Statistics, Wiss. Z. 
KMU-Leipzig, Math.-Naturwiss. R. 30, (1981), 572-595. 

[35] G. Lassner, G. A. Lassner and C. Trapani, Canonical commutation relation on the interval, 
J. Math. Phys., 28, (1987), 174-177. 

[36] R. Jost, The General Theory of Quantized Fields, Amer. Math. Soc., Providence, RI (1965) 

[37] G. Morchio and F. Strocchi, Mathematical structures for long range dynamics and sym- 
metry breaking J. Math. Phys. 28, (1987), 622-635. 

[38] D. Ruelle, Statistical Mechanics, W.A. Benjamin, New York (1969) 

[39] M. Schroder and W. Timmermann, Invariance of domains and automorphism,s in algebras 
of unbounded operators, in Proc. Int. Conf. on Operator Algebras and Group Representa- 
tions, Romania (1980), 134-139. 

[40] K. Schmiidgen, Unbounded operator algebras and Representation theory, Birkhauser, Basel, 
1990 

[41] G.L. Sewell, Quantum Theory of Collective Phenomena, Oxford University Press, Oxford 
(1989) 



49 



[42] G.L. ScwcU, Quantum Mechanics and its Emergent Macrophysics, Princeton University 
Press, (2002) 

[43] W. Thirring, A Course in Mathematical Physics 4-' Quantum Mechanics of Large Systems, 
Springer- Verlag, Wien (1980) 

[44] W. Thirring and A. Wehrl, On the Mathematical Structure of the B.C.S. -Model, Com- 
mun.Math.Phys. 4, (1967), 303-314. 

[45] C. Trapani, Bounded elements and spectrum in Banach quasi *-algebras, Studia Matem- 
atica, in press 



50 



